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ABSTRACT

The k-plane Radon transform assigns to a function f(z) on R™ the col-
lection of integrals f(r) = f. f over all k-dimensional planes 7. We
give a systematic treatment of two inversion methods for this transform,
namely, the method of Riesz potentials, and the method of spherical
means. We develop new analytic tools which allow to invert f(r) under
minimal assumptions for f. It is assumed that f € LP, 1 < p < n/k,
or f is a continuous function with minimal rate of decay at infinity. In
the framework of the first method, our approach employs intertwining
fractional integrals associated to the k-plane transform. Following the
second method, we extend the original formula of Radon for continuous
functions on R? to f € LP(R™) and all 1 < k < n. New integral formulae
and estimates, generalizing those of Fuglede and Solmon, are obtained.

1. Introduction

Let G, be the manifold of affine k-dimensional planes 7 in R*, 1 < k£ < n.
The k-plane Radon transform of a function f(z) on R” is defined by f(r) =
fT f(x)d,x where d,z denotes the Lebesgue measure on 7. The present article
is motivated by our intention to fill in some gaps in two inversion methods (see
1° and 2° below) described in the celebrated 1917 paper by J. Radon [R]. The
first method is called the method of Riesz potentials, and the second one the
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94 B. RUBIN Isr. J. Math.

method of spherical means. These methods are also given different names; see,
e.g., [Rou2]. Let us pass to details.
12, On a formal level, traditional inversion formulas for f read

(1.1) F=al(=0) ()Y, f=cl(-A,)*2f),

where A, and A, denote the corresponding Laplace operators, and “V”

stands
for the dual k-plane transform. An idea of this approach was communicated to
J. Radon by W. Blaschke; see [R], Sec. B(5). The first formula was presented
in [H2, p. 29] under the following assumptions:

(a) f € C®(R™); (b) f(z) =0(|z|~*) for some a > n.

The second formula can be found in [H2, p. 18] (for kK = n—1 and f belonging to
the Schwartz space S(R™)), in [SSW, p. 1260] (for k =n — 1, f € L?(R")), and
in [Ke, p. 287] (for 1 < k < n — 1 without rigorous justification). On the other
hand, f (1) is well defined under much weaker assumptions. Namely, it exists
for all T if f(z) is continuous and O(|z|~%), a > k. Moreover, f(r) is finite for
almost all T if f € LP(R"), 1 < p < n/k. The restrictions a > k and p < n/k are
sharp in the framework of the corresponding function spaces [So; see also [Str].
Our aim is to study applicability of (1.1) under these minimal assumptions by
making use of appropriate subtle tools of real analysis. Some results in this
direction were obtained by S. R. Jensen [J]. She studied applicability of the first
formula in (1.1) to sufficiently smooth functions f by interpreting (—A;)*/? as
analytic continuation of the corresponding Riesz potential (1.5). Qur approach
is different and covers both smooth and non-smooth cases.

20. Following P. Funk’s idea, Radon [R] employed invariance of the hyper-
plane transform (the case k = n — 1) under isometries of R* and reduced the
inversion problem for f to the one-dimensional Abel integral equation; see [R],
Sec. C(6) and [Ru9], Sec. 2, for historical comments. The idea was to average
f (1) over all planes 7 at distance r > 0 from z, and then apply the Riemann—
Liouville fractional derivative in the r-variable. This gives the spherical mean
of f that tends to f as ¥ — 0. The same idea was applied by S. Helgason
to k-dimensional totally geodesic Radon transforms of compactly supported
C® functions on the hyperbolic space H* and the unit sphere S™ [H1, H2]. F.
Rouviére [Roul] extended these results to compactly supported C™ functions on
arbitrary rank one symmetric space of the non-compact type. By making use of
real variable methods, B. Rubin [Ru3, Ru4] obtained explicit inversion formulas
for the above-mentioned totally geodesic Radon transforms in the framework of
L? functions and continuous functions having no support restrictions.
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The famous inversion formula of Radon for continuous functions on R? reads

[ dF.(r)
E

where F,(r) is the average of f over all lines at distance r from z. The integral

(1.2) fl@) =—

3=

in (1.2) is understood in the Stieltjes sense or as a limit

L (22 2410

€

(see [R, Proposition IIT]). The core of this elegant formula is that it does not
assume differentiability of F,(r). To the best of my knowledge, no analog of
(1.2) preserving this important feature seems to be known for all 1 < k < n
and non-smooth f, say, f € LP. This generalization is obtained in the present
paper.

The plan of the paper and main results are as follows. Section 2 is of pre-
liminary character. Here we derive new integral formulae, generalize some esti-
mates of Solmon [So|, and introduce important mean value operators. In Sec-
tion 3 we explore analytic families of intertwining fractional integrals (P* f)(r),
( P “p)(z). For a = 0, they coincide with the k-plane transform and its dual;
see (3.4), (3.2). These families were introduced by Semyanistyi [Se] for k =n—1
and by the author [Ru8] for all 0 < k¥ < n. Similar families associated to totally
geodesic Radon transforms on S™ and H* were introduced in [Ru4, Ru5]. The
main result of Section 3 is the following equality:

(1.3) POPPf = ¢, JoP+5f (the Riesz potential of f),

which generalizes the well known formula of Fuglede (f)¥ = cx nI* f; see [F],
[H2, p. 29]. Section 4 contains a series of inversion formulas related to (1.1) and
derived under minimal assumptions for f. The structure of these formulae is
inspired by (1.3).

Section 5 is devoted to the method of spherical means. Main results are stated
in Theorem 5.4 and Corollaries 5.3, 5.6. In particular, for the X-ray transform
(the case k = 1), we obtain the following inversion formula:

(1.4) fa) ==

/95(37) ;fr(x)dr, o=f,
0
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which can be regarded as a substitute for Radon’s formula (1.2). Here ¢(x) (the
dual k-plane transform of ) is the integral of ¢(7) over all k-planes 7 through
z, and @,(x) denotes the mean value of ¢(7) over all k-planes at distance r from
x. The map ¢ — p,(x) is also called the shifted dual Radon transform [Roul],
[Rou2].

The expression (1.4) is understood as a limit

o0 o0

l lim Mdr — l lim ¢(z) _ @r() dr
T e—~0 r2 T eo0 6- 2
¢ €

in a suitable sense, and coincides (up to notation) with (1.2) because

@) _ 9,
iy £ = Dot

We see that Radon’s formula remains unchanged for all n» provided k¥ = 1.

Theorem 5.4 generalizes (1.4) to all 1 < k < n. It is worth noting that for the

hyperbolic space H" and the unit sphere S™, analogs of (1.4) have the same

=0.

r=0

structure [Ru3], namely,

flz) = l/S—;E);Q'im)—coshrdr, r e H,

T sinh? r

/2
flz) = #le) + L // £ = ¢r(@) '—;b,«(x) cosrdr, x € S™
2r 27 J sin“r

In the present paper, we are not concerned with such important questions as
range characterization, support theorems, the Fourier transform approach, the
convolution-backprojection method, and other important topics. More informa-
tion and further references can be found in the books [GGG], [Ehr], [H2]; see
also related papers by A. D’Agnolo [Agl], [Ag2], A. B. Goncharov [Gon], F. B.
Gonzalez [Gonzl], [Gonz2], A. Katsevich [Kal], [Ka2], [Ka3], E. E. Petrov [Pel],
[Pe2], F. Richter [Ri], the author’s papers [Ru6], [Ru7], [Ru8], and references
therein.

ACKNOWLEDGEMENT: I am grateful to Professors Evgenyi E. Petrov and
Frangois Rouviére for useful discussions and sending me their papers. Special
thanks go to both referees for valuable remarks and suggestions.

Notation: In the following 0,1 = 27™/2/T'(n/2) is the area of the unit sphere
57~ 1in R?;eq,..., e, are coordinate unit vectors;

RF =Rey +--- +Rey, R** =Repry + -+ Reyp.
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For the sake of convenience, we denote by |z — 7| the euclidean distance between
the point z € R™ and the k-plane 7. This notation is not confusing, and agrees
with the usual definition |z — y| for z,y € R".
The notation C, C™, C>, LP for spaces of functions on R" is standard;
= {f € C(R") : limy f(x) = 0}. ® = &(R") is the Semyanistyi-
Lizorkin space of rapidly decreasing C'*°-functions which are orthogonal to all
polynomials (see [Se], [SKM]). The Riesz potential I*f on R is defined by

aﬂ,n/Z
0 - /[xf(y dy _ 25/ T(a/2)

e e S T((n—a)/2)

Rea >0, a—n #0,2,4,.... The operator I is an automorphism of &, and
F{I*fl(z) = |z|"*F[f}(z) for f € ® in the Fourier terms. The last relation
extends I*f to all @ € C as an entire function of a. For « real and f € L?,
the integral I° f exists a.e. if and only if 1 < p < n/a, and |[I*f||; < ¢||f]|, for
1< p<q=np(n—ap)~! [St]. The Riemann-Liouville fractional integrals are
defined by

16 (200 = o [ mmsdn (200 = = [ 0

(@ ) (r—-t)i=
0 4

Rea > 0. More information about Riesz potentials and fractional integrals can
be found in {Rul}, [SKM]. The letter c stands for a constant that can be different
at each occurrence. Given a real-valued expression A, we set (4)} = A*if A > 0
and 0if A <0.

2. Some properties of k-plane transforms

We recall basic definitions. Let G,, ;, and G, ;; be the affine Grassmann manifold
of all non-oriented k-planes 7 in R”, and the ordinary Grassmann manifold of k-
dimensional subspaces ¢ of R, respectively. Each subspace { € G, ; represents
a k-plane passing through the origin. The group M(n) of isometries of R* acts
on Gy transitively. Each k-plane 7 is parameterized by the pair (¢,u) where
¢ € Gpy and u € ¢* (the orthogonal complement to ¢ in R*). The manifold
Gn,, will be endowed with the product measure dr = d(du, where d( is the
SO(n)-invariant measure on G j of total mass 1, and du denotes the usual
volume element on ¢*.

The k-plane transform f(7) of a function f(x) and the dual k-plane transform



98 B. RUBIN Isr. J. Math.

&(z) of a function p(1) = p((,u) are defined by

@1 fr)= / futo)dy, 7= (Cu) € Gu;
¢

@D e = [ ehe+adr= [ ol¢ o, cer

SO(n) Gk

Here Pr¢. z denotes the orthogonal projection of z onto ¢ L. ¢ is an arbitrary
fixed k-plane through the origin. We denote

23)  (fuf) = / L@ fe)dz, (pr,p2)~ = / o1(r)pa(r)dr.
Rﬂ

Gn.k

An important duality relation for (2.1) and (2.2) reads

(2.4) (f.9)™ = (£,9)
provided that either side is finite for f and ¢ replaced by | f| and |¢|, respectively
{H2, So].

LEMMA 2.1: Forz € R* and 7 = ((,u) € Gk, let
(2.5) r = |z| = dist(o,z), s = |u|=dist{o,7) =|7|

denote the corresponding distances from the origin. If f(z) and p(7) are radial,
ie. f(x) = fo(r) and @(1) = po(s), then f(r) and B(z) are represented by Abel
type integrals

(2.6) f(r) =op-1 /fo(r)(r2 — $3)k/2 gy,

T

(2.7) @(z) = M%l/%(s)(,a _ )M k=g
0

provided that these integrals exist in the Lebesgue sense.

Proof: Weset x =tw+s;t,5 > 0;we (NS* 1, 0€(tNS* 1. Then (2.1)
reads

0

f(T) = /tk_ldt / Jo(ltw + s8))dw = o1 /tk_lfo(\/ 2 + s?)dt.

0 ¢ngn-1 0
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This gives (2.6). Furthermore,

p@)= [ wolPrehd = [ gol Progesal)dy
Gk SO(n)

= ! /cpo(lPar-kroDda, r=|z|.

On—1
Sn—l

By passing to bi-spherical coordinates o = a cos + bsin,
ac S ICRY, beSTHFICR™F, 0<y < /2

do = sin™ %=1 ) cost~1 ypdypdadb [VK, pp. 12, 22|, we obtain

/2
olz) = "_k—;"_n-’».-_l / wo(rsinth) sin® *~1 g cos® =1 .
n—1
0

This coincides with (2.7). ]

Example 2.2: The following useful formulae for Radon transforms ( 24 ) and
the dual Radon transforms ( N ) can be obtained from (2.6) and (2.7) by
elementary calculations. We denote
_ 7*?T(a/2) B I(a/2)T(n/2)
T+ k)/2) T T+ k)/2T((n - k)/2)

Then for Rea > 0 and a > 0, we have

(2.8) x|~k AN
(2.9) 1+ |x|2)—(a+k)/2 AN A1+ lTI2)—a/2,
(2.10) (@ = e)*7" D M@ - [P
(2.11) [reth=n Xy Ag|a|@thm,
(|T|2 _ a2)i/2_1 v (le2 _ a2)$v+k)/2—1
(2.12) _‘T-I-"—_LT- — A |x|"—2 ,
|7|ath—m v ||ethn
21 _— Ap—orn —
(213) (1 + |7]2)(ethk)/2 - 20+ |z)e?

The last formula is especially important, and we present its proof {all the rest
are left to the reader). Let

ITIa+k—n

(T) — —_ ok—lan—k—l
¢ 1+ [r2)e+B/z’ '

On—1
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Then (2.7) yields

. j (r? = g2)k/2-1 401

olx) = =3 3 )7 ds
1—+~1‘2
_ (1472 — )21 - 1)o/2-!
= G (@R a

1
_ 10,1 T(af2) rothn
= oL@+ k)/2) U427
[(e/2)['(n/2) rethn
T((a+k)/2)T((n - k)/2) (1 + r2)/2"

Combining (2.8)—(2.13) with the duality (2.4), we obtain the following equal-
ities that give precise information about behavior of f(r) and @(x).

THEOREM 2.3: For Rea > 0 and a > 0,

. dz _ dr
(214) RZ(,O(.’E)MT_HC = /\1 /L cp(T)rTl_av
3 dx _ dr
(215) R/"(P(Q:)W = Alg/ (P(T) (1 + |7.|2)a/2 )

(2.16) / $(z)(a® — [2*)*/>Nde = A, / p(r)(a® = |7[*) (>R 2 dr,
|z|<a |ITi<a
(2.17) / F(r)|r|etr "dr—/\z/f (z)|z|*H*"dr,
Gn ok
(;712 _ a2)a/2—1 a )(a+&;)/2—1

(218) / f(?)——im—d’fz/\z / f(.’L’) Z’ _|.’12|n"2 d:c,

Iri>a |z|>a

|a+k n |a+k n
(2.19) /f 1+|T|2 sy dT—)\Q/f 1+|5C|2 a/zdx,

provided that either side of the corresponding equality exists in the Lebesgue
sense.

COROLLARY 2.4: If f € LP,1 < p < n/k, then f(T) is finite for almost all
T € Gug Ifp > n/k and f(z) = (2 + |z])~"/?(log(2 + |z]))~*(€ L?), then
f(n) =
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Proof: By Holder’s inequality, the right-hand side of (2.19) does not exceed
AXo|| fl|p where

00
|l.|(a+k—n)p’ ploth—n)p'+n—1

[ B el B S
A7 = (1 + |z|2)er'/2 de = on-1 (1 +r2)ar'/2
R 0

dr
(1/p+1/p' =1). For 1 < p < n/k and a > n/p — k, this integral is finite,
and therefore the left-hand side of (2.19) is finite too. It follows that the Radon

transform f (7) is finite for almost all 7 € G, ;. The second statement follows
from (2.6). 1

Remark 2.5: The statement of Corollary 2.4 is due to Solmon [So]. His proof
is different and based on the estimate

f(r)|dr d
(220 [ wiipem <o [ g w20

R™

n.k

Below we obtain more informative inequalities. Let a > 0,5 € R,
u(r) = 7P+ ) () = PR (L + ),
1+ =)~ if @ < 6,
a(z) =< (1+|z])~# ifa>8,
(1+]z))Plog(2+|z|) if a=4,

(1+[r)~ ifa<p,
o(r) =< |7P~*(1 + ITD_B if a > 8,
1+ |7)"Plog(2 + 1/|7|) if a=p.

LEMMA 2.6: For nonnegative functions f and o,

(2.21) / F(Pu(rydr < c / f(@)i(z)dz,
gn‘k R»

(2.22) /@(x)v(x)dx <ec / e(T)o{r)dr.

Rn Gak
Note that (2.21) implies Solmon’s estimate (2.20) if 3 > a =n —k.
Proof: Let us prove (2.21). We replace ¢(7) in (2.4) by the weight function
u(r), and make use of (2.7). This gives

1

a-1(1 _ $2\k/2—1
(2.23) (@) = cla|* T p(lal),  $(r) =/ e
0

(1 +rt)s dt.
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If r — 0 then ¥(r) — const # 0. For sufficiently large r, the desired estimate
follows from known properties of hypergeometric functions, or can be easily
obtained by setting

r 172 1
¢m=(/+/+[)mxr>z
0 1/r 1/2

and estimating each integral. To prove (2.22) we set f(z) = v(z) in (2.4) and
make use of (2.6). We get

o0
fr) = c/rﬁ‘k“’(l +7)7B(r? — s 2 rdr = csTP(1/s),
s
¥ being the same as in (2.23). This gives what was required. ]

Let us introduce important mean value operators.

Definition 2.7: Forr > 0,z € R*,7 = ((,u) € Gk, € Gup, u € (*, we
define

A 1
fr(r)y = / dw/f(rw+u+v)dv
On—k—-1
¢Linsn-1 ¢
(2.24) -1 / F(Cu+ rw)dw,
On—k-—-1
CJ.nSn—-l
(2.25)  @rla) = / P(YR® +z +ryen)dy = / (y7r + z)d,
S0(n) S0(n)

7, being an arbitrary fixed k-plane at distance r from the origin.

The integral (2.24) can be regarded as a mean value of f(z) over all z at
distance r from the k-plane 7. If r = 0 then f,(r) coincides with the k-plane
transform f(7). The integral (2.25) averages ¢(r) over all r at distance r from z,
and coincides with the dual k-plane transform @(z) if r = 0. Clearly, operators
f(2) = fr(7), () = @r(z) commute with the group M(n) of isometries of
R™.

Let us consider intertwining operators of the form

(2.26) (Wﬂﬁ0=/f@wﬂz—ﬂMa
RVI

(2.27) mwmm=/¢mmw—mm
Gak
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where w(-) is assumed to be sufficiently good. If 7 = ({,u), u € ¢+, then

WH)(r) = / £(¢ vyl — vl)dv,

and therefore, for f € LP,p > 1, the integral (2.26) is well defined only if
p < n/k; cf. Corollary 2.4. In (2.27) it suffices to assume ¢ € L, .(Gn 1)

LeMmMA 2.8: The following representations hold:

[o,0]

(2.28) (WF)(7) = Onioos / Pk Lu(r) f, (r)dr,
0
(2.29) (W*0)(@) = Ontr / PR L), (2)dr

0
It is assumed that either side of the corresponding equality exists in the Lebesgue
sense.

Proof: For 7 = (¢,u) € Gp , We have

(W) = / w(f - o) F(C,v)dv = / w(r)™ " dr / F(Cu = ro)do.

¢t 0 Sn—k—1

By (2.24), this gives (2.28). In order to prove (2.29), let 7o = R*, p,(7) =
o(1 + ), b(1) = o (T)w(|7]), b(r) = b(C,u). Then

(W p)(z) = / dc / Cuis= [ & [ som

ek S50(n)  ARm~k
= / du / b('y‘ro,vu)dfyzfr" k=1 gy / dw / b(y7o, ryw)dry
R"—*  SO(n) 0 Sn=k-1  SO(n)
oo o0
=onss [N [ b+ ety = guoics [ (o),
0 50(n) 0

o0 being the origin of R". Since

by (o) = / oo (v + rren)u(lyro + ryeal)dy = w(r)pr (@)
SO(n)

we are done. [ |
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3. Analytic families associated to the k-plane transform

Example 2.2 and duality (2.4) give rise to six equalities (2.14)-(2.19). Let us
focus on (2.17). We replace f by the shifted function f,(y) = f(z + y) and get

_1 f(r)|z — 7|*thdr
), / Fole - 7l
(n/2)

(3.1)
“T((n - B)/2T((a+k)/2) /f(? Jle —y[***""dy, Rea>0.

The right-hand side resembles the Riesz potential (1.5). Denoting

X o _ 1 a+k-n
3.2) (Bo)@) = — 7= [ o(rlle vl mar,

Rea>0,a+k—n#0,2,4,..., from (3.1) and (1.5) we obtain

(33) Pof=cunl®*f, chn = (@M o to1/0n-,
provided that either side of (3.3) exists in the Lebesgue sense (e.g., for f €
LP(R*), 1 <p<nla+k)™). By duality we define

(3.4) (P*f)(r) = / f(@)|z - r]°t*"dz.

Operators (3.4) and (3.2) can be represented as

(3.5) Pef=1I2,f, P% =2 ,0)",

where for 7 = ((,u),I¢_, denotes the Riesz potential on ¢ in the u-variable.
For sufficiently good f and ¢,

(3.6) lim P°f=f, lim P =
a—0

a—0

This can be easily seen if we represent P*f and 13 “yp according to (2.28) and
(2.29), respectively. Thus we can extend definitions (3.4) and (3.2) to a =0 by
setting P°f = f, P % = ¢, and obtain analytic families {P*} and {P *} which
include the k-plane transform and its dual. The equality (3.3) generalizes the
known formula of Fuglede

3.7 (f)Y = cunl®f
[F], [H2, p. 29] to Rea > 0.
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THEOREM 3.1: Let fe LP,1<p<n(a+B+k)"!,a>0,5>0. Then

(3'8) P Otpﬁf = ck,nla+ﬁ+kf’ Ckon = (27T)k0n—k—l/an—1-
Proof: By (3.3) and (3.5),

Chn TP <P OO f = (1P )Y = (I B0 f)Y =P °PPf. W

Remark 3.2: If f belongs to the Semyanistyi-Lizorkin space ® (see Notation),
then (3.8) extends to all complex o, 5. This follows from (3.5) and the equality
12k A\ = ¢ nI*f, o € C, which was proved in [Ru2, Theorem 2.6] using the
Fourier transform technique.

4. Inversion of k-plane transforms. The method of Riesz potentials

Throughout this section
Ckn = (27T)kan—k—1/0'n—1-

Equalities (3.8) and (3.5) give a family of inversion formulae:
(4.1) chnf=1"0"Pkpaff f vaBeC

(at least formally). For f € @, (4.1} is well justified (see Remark 3.2). In the
general case we are faced with the following questions. What choice of a and
B is preferable? How to represent operators in (4.1) constructively and recover
f(z) pointwise for all or almost all 27 To answer these questions we employ
appropriate tools of fractional calculus and singular integrals.

4.1. THE CASE @ = 8 =0. In this case (4.1) reads
(4.2) cknf =D, p =1,

where DF = I=* = (=A)*/2 denotes the Riesz fractional derivative, A being
the Laplace operator. Thus the problem is how to invert the Riesz potential

= I*f (in our case g = c,:jng)? Numerous investigations are devoted to this
question; see [Rul, SKM] and references therein.

4.1.1. Hypersingular integrals. Below we review some results in the context of
their application to the k-plane transform. Let us consider finite differences
¢

Al@ =3 (f) (~1Vg(z - jy),

=0

Bro@=3" (m) (1Y g(e ~ v/7y),

=0 M7
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and normalizing constants

— ot
(4.3) dn (k) = (l#dy (y1 is the first coordinate of y),
’ |y|n+k

R‘n
1-— e*t)"‘

n/2 (
*T((n + £)/2) / {72

(44)  dom(k) =

We assume ¢ = k if k is odd, and any £ > k if k is even; m > k/2. Integrals
(4.3), (4.4) can be evaluated explicitly, and the following statement holds [Rul,
pp- 238, 239], [SKM, Section 26]:

THEOREM 4.1: Let g = I*f,f € LP,1 < p < n/k. Then

L[S, Apo)a)

dy = -
dn,l(k)Rn e ¥ . (k) y|mt++

(4.5) flz) =

n

where [, = lim._o f|y|>e‘ This limit exists in the LP-norm and in the a.e.
sense. For f € Cy N L?, it exists in the sup-norm.

COROLLARY 4.2: In assumptions of Theorem 4.1, the k-plane transform ¢ = f
can be inverted by

(4.6) cknf(r) =

1 [ 1 /(Am D@,

dy = —
oK) J Tyl v dom(®) ) T

Remark 4.3:  Let us compare (4.6) with the known formula

(4.7) f=cA ()Y

(see formula (3.12) in [So]) where

(48) Z 0. (Rw)a)= - PV. / ol - i)y

0; = 0/0x;. Operators R; are called the Riesz transforms. They are understood
in the Cauchy principal value sense and bounded on L? for 1 < p < oo [Ne,
p. 101].

The following advantages of (4.6) are worth noting. The function f is ex-
pressed by (4.6) through the only one singular integral which is understood in
the usual sense for sufficiently good f. The formula (4.7), unlike (4.6), con-
tains (apart from derivatives) nk singular integral operators R;, the LP-theory
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of which is much more sophisticated than that of (4.5), and does not include
the L! case.

Remark 4.4: (i) The set of continuous functions
(4.9) Co={f:feCR"), f(z)=0(z|™)}, a>0,

is contained in L? for n/a < p < n/k. Hence (4.5) and (4.6) are applicable to
feCs,a>k

(ii) Instead of (4.5) one can use many other inversion formulae for Riesz
potentials which can be found in [Rul]. If f(z) =0 for |z| > R > 0, it suffices
to determine ¢(z) for |z| < R only. Then we get

Cin / fy)dy

Y (k) |z —y|~—F
ly[<R

=¢(z), |z| <R.

Equations of this type play an important role in mixed boundary value problems
of mathematical physics (in particular, in mechanics). They can be solved
explicitly, but inversion formulae are more complicated than those for potentials
on R”. The interested reader is referred to [Rul, Chapter 7] for details.

4.1.2. Powers of “minus Laplacian”. Another series of inversion formulae can
be obtained using integer powers of “minus Laplacian”.

Definition 4.5: For A € (0,1), let Lip{’® be the space of functions f(z) on
R™ having the following property: for each finite domain Q C R", there is a
constant A > 0 such that

(4.10) [f(z) = f(y)| < Az —y|* Vz,y € 1 (the closure of ().
We denote
(4.11) Cr={f:fe€C,NnLip¥® for some A € (0,1)}.

THEOREM 4.6: Let ¢ = f, 1<k<n-1.
(i) For k even, a > k, and f € C}, we have

(4.12) cknf(@) = (~A)*2¢(2).

(ii) For k odd, the following statements hold.
(a) If f € C,, a > k, then

AYE=1)/2500Y — (_AYVK=1)/2 500 _
(4.13) ck,nf(x)=al/( )k 2S0(x)|y|£b+1A) V(e )

n
R~
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where [p, = lim._,o fly|>€ uniformly in x € R™.
(b) If f € Ck,a >k, and A is the operator (4.8), then

(4.14) cknf (@) = (A(=8)* V2¢)(a).
Furthermore,
(4.15) ek f(z) = —(=A)F D2 Ap)(z)

if3<k<n-1,feC: a>k, and
(4.16) cknf(x) = (~A)FD/2 (1) (z)

Fl1<k<n-2feCa>k+1.
All derivatives in (4.12)-(4.16) exist in the classical sense.

Proof: These statements are consequences of known facts for potentials and
singular integrals. In the following, according to (3.7), we denote g = cgjlcp 80
that g = I* f.

(i) To “localize” the problem, let £ € Bg = {z : |z|] < R} and choose
x(z) € C™ so that

0<x(z)<l,x(z)=0if|z| <R+1, and x(z) = 1if || > R+ 2.

We have f = fi+ fo, i=xf, o=1-X)F,

(0 il <R+1, (@) il <R+1,
(4.17) fl(x)_{f(x) if 2] > R+2. f(:‘)—{o if 7] > R+2.

Let g = g1 + 92,91 = I¥f1,92 = I*fo. Then g; € C*(BR), and for all multi-

indices ~,
1

70 =3

/ A @) -y Ty,

ly|>R+1

In particular, for k even, we get (—A)*/2g,(z) = 0. The function g, belongs at
least to C*~1(Bg), and differentiation is possible under the sign of integration;
see, e.g., [V1, Section 1(6)]. Hence, for k even, (—A)¥=2/2g, = I2f, (the
Newtonian potential over a finite domain), and (i) follows by Theorem 11.6.3
from [Mi2, p. 231].

(ii) Consider the case k odd. By reasoning from above,

(4.18) (=2)FD2g(z) = (I' ) (2),
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and {4.13) holds owing to Remark 4.4(i). In order to prove (4.14) we note that
¢; = 0;I'f = R;f (see (4.8)) where R;f € Lip\ for some X € (0,1) [Mil,

pp- 59, 46]. Since f € L? for max(1,n/a) < p < n/k, and R; is bounded on L?,
then p; € Lip\’°NLP. Let us consider R;yp;. As in (4.17), we define ¢;; and
©5,2 80 that @; = @j1 + @j2,

2 Yj
Roe@) = [ ety
n
ly|>R+1
2 Yi
+;;P~V- / wj,z(y)r—l,lﬁdy
ly|l<R+2

The first term € C*°(Bg) while the second one is Lip, in Bg (use Theorem 1.6
from [Mil, p. 46]). Since R can be arbitrary large and R; is bounded on L?,
then R;p; = R%f € Lip¥° NLP. By taking into account that 3 ;Bif = f [Ne],
owing to (4.18), we obtain

flz) = Z @i)( Z(R 05 ( AYEU20) () VYo e R*.

This gives (4.14).

If k£ > 3 then, as in (i), we have ~Ag = I*~2f. Hence —I'Ag = I*"1f, and
(4.15) follows. To prove (4.16) we note that for f € C;,a > k+1and k+1 < n,
one can write I'g = I'I*f = I**1f. Since f satisfies some Lipschitz condition
the argument from (i) is applicable, and we are done. 1

Remark 4.7: If f € L?,1 < p < n/k, all formulae (4.12)-(4.16) remain true
with the following changes: (a) The corresponding derivatives are understood
in the sense of &' or &' distributions. They also exist in a certain L9-norm for
almost all z; see [St, Chapter VIII] about this notion of differentiation. (b) In
(4.16) we have to assume 1 < p < n/(k + 1) (otherwise I'g may be divergent).
(c) Convergence of the hypersingular integral (4.13) is interpreted in the L?-
norm or in the a.e. sense.

4.2. THE CASE a =0, = —k. In this case (4.1) reads

(4.19) crnf = ([E0)Y, o) = f(r) = f(¢w),

and one has to give precise sense to the operator 7 _kk acting in the u variable.
The first way to do this is to use hypersingular integrals like (4.5) in the (n—k)-
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plane (*. Let, for example,

?
(Bl =3 (f) (=1Y(¢, Pres @ — jo),

J=0
(1—ewn)t

dy,
|y|™

reR, wvet dn_k,g(k)=/

n—k

where £ = k for k odd, and V¢ > k for k even; cf. (4.3).

THEOREM 4.8: If o= f, f € L?, 1 < p < n/k, then

(420)  cpnf(z) = —— ) / (Aﬁ‘o)«’m)dgdv

ke (k lof”
= (As9)(6:2)
(4.21) = lim 75 / d¢ o

Goix  {vw€lt,|v|>e}

The limit (4.21) exists in the LP-norm and in the a.e. sense. If f € Co N L? for
some 1 < p < n/k, this limit is uniform in z € R".

This statement was obtained in [Ru2, Theorem 3.6] as a particular case of
a more general result. Theorem 4.8 gives precise sense to the second formula
in (1.4) for f € L?. In order to interpret this formula in terms of pointwise
laplacians, one has to impose extra smoothness conditions on f (which are
redundant for existence of f), and proceed as in Section 4.1.2.

5. Inversion of k-plane transforms. The method of spherical means

The method of spherical means is alternative to that of Section 4. It is based
on the definition (2.25) and the following

LEMMA 5.1: Let

(5.1) M. f)(x) = t>0,

be the spherical mean of f. If f € LP, 1 < p < n/k, then

(5.2) (HY (@) = 04 / (Muf)(@)(E — 12> tdt.
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Proof: Let f.(y) = f(z +y). For any fixed 7 € G, x such that || = r, we have

/ forr + 2)dy = / (fz 01 \(r)dy = E(r),

SO(n)
F(y) = / Lovdr= [ fe+widr = (M.
SO(n) SO(n)
It remains to make use of the Abel type representation (2.6). |
For ¢ = f, we denote
(5.3) 9:(s) = (M5 £)(@),  $als) = 77%%p s5(2).
Then (5.2) reads
(5.4) (I£22)(s) = ¥a(5)

(see notation (1.6)). If f is continuous and decays sufficiently fast at infinity
then (5.4) can be easily inverted, and we get

65 f@)=(-2) U e, YmeEN, m> k.

This formula is inapplicable for generic f € L? because the integral

™ 2y, (s) = (Imga( )
(5:6) r— [ fe-ueP -9 b

P(m On—1 Iyln—2
ly|?*>s
can be divergent for n/2m < p < n/k. Thus the main difficulties are connected
with behavior of functions at infinity, and the inversion procedure should not
increase the order of the fractional integral (5.4). For k > 1, the order can be
reduced by differentiation in the s-variable according to the following

LEMMA 5.2: Let g.(s) = (M ;f)(z), f € LP.

(i) If1 < p<n—1then —&(I* g;)(s)|s=0 = f(z), the derivative being well
defined in the LP-norm and for almost all .

(ii) If @ > 1 then for each s > 0, —&(I%g;)(s) = (I* " g5)(s) where dif-
ferentiation is understood for almost all x or in the L%-norm, 0 < 1/q <
1/p—2(a—1)/n.
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(iit) If f € CoNLP then derivatives in (i) and (ii) exist for all z in the classical
sense.

Proof: (i) A standard machinery of approximation to the identity [St, Chapter
I11, Sec. 2] yields

s
(I1g2)(d) — (I1g=)(0) 1
- 5 E/Mff (z)ds
0
0‘n1 /fx—\fyan f(x) aséd—0
lyl<1

in the required sense. The condition p < n — 1 is necessary for the existence of
I g,; cf. (5.6).
(ii) We note that (I*"1g,)(s),a > 1, exists in the Lebesgue sense if and only
if 1/p > 2(a — 1)/n. Furthermore, for each s > 0,
1 1 2a-1)

. I*7 g <es , 0<Z<=—
(5.7) 127 90)(6)le < esllfllp, 0 <2 -

To see this one should replace m by a — 1 in (5.6) and make use of Young’s
inequality. Our aim is to show that

(Hmﬂﬂ—gﬂﬁ@+®_ufwd®

tends to 0 as & — 0 in the required sense. This expression can be written as a
convolution f * hs s where

hsa(z) = M@ ).

2% — s
2 (2 - )37 1-(1-p¢

S IS

The function h(t) is bounded and lim;_q h(t) = 0. Since

|+ hss| < {lRllool | f] % As|

and the convolution |f| * A; obeys the same estimate (5.7), by the Lebesgue
theorem on dominated convergence we have

a.e.
i (f ¢ hs,)(@) =0, Jim [If * hselly =0
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for each s > 0 and q satisfying (5.7).
The proof of (iii) follows the same lines. |

Application of Lemma 5.2 to (5.4) gives the following

COROLLARY 5.3: Let ¢(7) = f(7),7 € Gn. If f € LP, 1 < p < n/k, then for
k even,
B2

(5.8) O s ( - 217%) ¢r(2)

where @ (z) is the average of p(7) over all k-planes T at distance r from z. If
f € CoN LP then (5.8) holds for all x € R™.

r=0

Let us consider arbitrary 1 <k <n — 1. As we have already seen, fractional
differentiation of (5.4) in the Riemann-Liouville sense blows up. To resolve the
problem we use the Marchaud fractional derivative

4

69 @) = 7 () ruts+in) s £>a
0

=0 M

see [Rul, SKM]. Here

o0

ke(a) = /(1 — e Hf1ogt

0
¢ .
[ T(=a) T, () (=175, a#1,2,...,0-1,
b 14a .
ED S (O(-1Yj%logj, a=1,2,...,0~ 1.
Owing to normalization, D” ¢/ is independent of £ > a. The right-hand side of
(5.9) is understood as a limit of the truncated integral

4

610 @) = — 7 |3 (§) vt +in]

e =0

as € — 0 in the appropriate sense.
THEOREM 5.4: Let p=f, fELP,1<p< n/k. For any £ > k/2,

4

G o= 7 |2 (5) o) i
/12

where fooo = lim. 0 f:o in the LP-norm and in the a.e. sense. If f € Co N LP
this limit exists in the sup-norm.
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Remark 5.5: The right-hand side of (5.11) represents the Marchaud derivative
of order k/2 of the function v, (s) (see (5.3)) evaluated at s = 0. The formula
(5.11) is applicable to all 1 < k <n - 1. For k = 1 (the X-ray case), (5.11) has
an especially simple form

o0

- [

Proof: For a = k/2, according to (5.4) we have

14
¢ j(Fo N o S
j;)(j)(—l)3(1_9z)(3t)—t/() k(1) g, (ut)du,

Q)Z() I

(5.12) =

=1|r—‘

This gives

(5.13) (Df ,2)(0) = (D, I%g,)(0) = 000/\e,a(77)9w(57l)d77,

14

Mealn) = [ke(@T( + )] (f)(—l)j(n s

=0

It is known [Rul, Lemma 10.17] that

* Om*~1) ifn<1,
5.14 Aam)dn =1, Aga(n) = a—tl1y
(5.14) /0 t.a(n)dn t,a(n) {O(n 1y fp >l

Since g;(s) = (M ;5f)(x), then

(D2 . 9:)(0) = =~ l/)\za )dn / f(z + \/enb)dh
2
(5.15) - / £(@ + Ve Aea(y)dy, Az,a(y)%%é—',%'—_—l.
Rﬂ-

By (5.14), this is an approximate identity, and the result follows. |

COROLLARY 5.6: Letp = f, f € L?,1 < p < n/k. Ifk isodd andm = (k—1)/2
then the derivative

1d

ho(r) = (= 5o 2) #r(@)
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exists for almost all z, and all r > 0. The function f can be recovered by the

formula

(5.16)

o0 oo o0

1 /hz(0)~hz(T)dT’ /zﬁf,;

fz) = 7k+1)72 2 e-0
0 0 €

If f € CoN LP the integral (5.16) converges uniformly in x € R™.

Proof: By Lemma 5.2(ii), the equality (5.4) yields

d

(00)(6) S 72( = ) "o usta) = halo)

and therefore

(DY2h,)(0) = 27:1 e / h“(olg;2hz(s)ds = / f(@ + Vey)Aria(y)dy,
R’n

€

cf. (5.15). This implies (5.16). ]
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